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Abstract. We use tools of representation theory to get a better understand-
ing of the cohomology of graded group schemes. For that, we focus our at-
tention on the case in which the base field is of characteristic p ą 0. Using
as inspiration the work on [SFB97b], [SFB97a] and [FP05], we build the the-
ory of graded 1-parameter subgroups denoted by V ˚
r
pGq. We give a natural
homomorphism of bigraded k-algebras ψ : H˚,˚pG,kq Ñ krV ˚
r
pGqs, where
krV ˚
r
pGqs is the bigraded coordinate ring for V ˚
r
pGq. We show that ψ is an
F -monomorphism for a class of graded group schemes. This provides evidence
that with the appropriate detection property, a Quillen-type result could exist
for graded group schemes.
1. Introduction
Graded group scheme and graded group varieties are defined, characterized, and
studied in [AR14]. The purpose of this paper is to use tools of representation the-
ory to get a better understanding of the cohomology of graded group schemes and
graded group varieties. For that, we focus our attention on the case in which the
1
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base field is of characteristic p ą 0. Using the work of [SFB97b] and [SFB97a] as in-
spiration, we build the theory of graded 1-parameter subgroups denoted by V ˚r pGq.
Ungraded 1-parameter subgroups play the same role that elementary abelian p-
subgroups or shifted subgroups play when studying finite groups. An analogue of
Quillen’s result holds: the cohomology classes of infinitesimal group schemes can
be detected, up to nilpotents, by 1-parameter subgroups. Wilkerson explored this
question for graded cocommutative Hopf algebras in [Wil81]. In his work, elemen-
tary sub-Hopf algebras take the place of elementary abelian p-subgroups. He shows
that, in this context, Quillen’s result no longer holds. More precisely, he shows
that for each prime p, there exists a graded cocommutative Hopf algebra and a
nonnilpotent cohomology class which restricts to zero on every abelian sub-Hopf
algebra. We merge both concepts of 1-parameter subgroups and elementary Hopf
algebras and provide evidence that with some modification a result like that of
Quillen could exist for graded group schemes.
As part of the exploration of this idea we give a natural homomorphism of bigraded
k-algebras ψ : H˚,˚pG,kq Ñ krV ˚r pGqs, where krV
˚
r pGqs is the bigraded coordinate
ring for V ˚r pGq. From [SFB97b] and [SFB97a] we have that for any infinitesimal
group scheme of height ď r, the ungraded version of ψ is an F -isomorphism. A
result of this type allows us to compute the cohomology of a group scheme G (up
to nilpotents) in a fairly straightforward way. We can do this by embedding G into
someGLn and using the defining equations of this embedding to describe krVrpGqs
as a quotient of krVrpGLnqs.
Given the usefulness of such a result, it is a natural question to ask if we get a similar
result in our case. In our quest to answer this question we compute some examples
of the map ψ and we show that they are in fact F -isomorphisms. Then, we define
some detection properties of the cohomology of a gr-group scheme and study their
relation. Finally, we (partially) answer the question for a class of gr-group schemes
that satisfy one of these detection properties.
2. Definitions and examples
We recall some definitions from [AR14].
Definition 2.1. Let GR be the category of (finitely generated) graded commutative
k-algebras. A representable functor G : GR Ñ pgroupsq is called an affine graded
group scheme. We will call them gr-group schemes for short. The graded algebra
representing G is denoted by krGs and is called the coordinate algebra of G. We
will drop the word affine from now on, as all our gr-schemes will be assumed to be
affine.
Recall that a graded algebra is graded commutative if, for a, b homogeneous ele-
ments in A, we have that ab “ p´1q|a||b|ba. As in the ungraded case, by Yoneda’s
Lemma there is an equivalence of categories between gr-group schemes and graded
commutative Hopf algebras.
Definition 2.2. We denote krx1, . . . , xns
gr to be the graded polynomial ring over k
in n-variable, where xixj “ p´1q
|xi||xj|xjxi. Note that if charpkq ‰ 2, then x
2
i “ 0
if |xi| is odd.
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Definition 2.3. We say that a gr-group scheme G is a finite gr-group scheme if
krGs is finite dimensional. In that case we can define kG as the graded dual of
krGs; kG is a called the group algebra for G.
Definition 2.4. We say that a gr-group scheme G is a positive gr-group scheme if
krGs is positively graded; that is krGs “
À
iě0pkrGsqi.
Definition 2.5. Let G be a gr-group scheme, and let A “ krGs. If A0 is a local
ring and A is positively graded, of finite type (that is, each Ai is finite dimensional)
we say that G is a graded group variety (gr-group variety).
Example 2.6 (Dual Steenrod subalgebraAp1q). ConsiderAp1q “ F2rξ1, ξ2s
gr{pξ41 , ξ
2
2q,
where |ξ1| “ 1 and |ξ2| “ 3. The gr-Hopf algebra structure on Ap1q is given by
∆pξ1q “ ξ1 b 1` 1b ξ1, and ∆pξ2q “ ξ2 b 1` ξ
2
1 b ξ1 ` 1b ξ2.
As sets HomGRpAp1q, Rq “ G1pRq ˆ G3pRq where G1pRq “ nil
4
1pRq and G2pRq “
nil23pRq with product given by px, uq ˚ py, vq “ px` y, u` v`x
2yq and inverse given
by px, uq´1 “ px, u` x3q. We will denote the gr-group scheme represented by Ap1q
by S1.
3. Graded Frobenius
In the ungraded setting, the additive group scheme Ga plays an important role.
More precisely its rth Frobenius kernel Gaprq is of main importance in representa-
tion theory. Given a group scheme G, the infinitesimal 1-parameter subgroups of
height ď r in G are defined as group homomorphism from Gaprq Ñ G and denoted
by VrpGq. In the following sections we define the additive gr-group scheme G
˚
a
and
its rth Frobenius kernel, G˚
aprq. To do so, we first give precise definitions of the
graded Frobenius map and twist. We define the graded general linear group, GLI .
As in the ungraded case, GLI proves useful when computing V
˚
r pGq.
Definition 3.1. Let A be a gr-commutative ring. We define the Frobenius pth
power map F : AÑ A such that F paq “ ap.
Definition 3.2. Let A be a gr-commutative ring and M a gr-module over A. For
any r ě 0, the r-th Frobenius twist of M is the A-module M prq “ M bF r A. We
grade M prq as follows: pM prqqk “
À
pri`j“kMi bF r Aj .
The degree is well-defined and on M prq a homogeneous element m b 1 has degree
pr|m|. Moreover on M prq, |m b ap
r
| “ pr|m| ` pr|a| “ prp|m| ` |a|q and also
mb ap
r
“ amb 1 which is of degree prp|m| ` |a|q.
Proposition 3.3. Let A be a gr-commutative ring and M and N be gr-modules
over A. For r ě 0, the graded r-th Frobenius twist Ir : M ÞÑ M prq is an additive
functor from the category of graded A modules to itself. Moreover for any M,N
pM bA Nq
prq “M prq bA N
prq; pM#qprq “ pM prqq#.
Proof. Let f :M Ñ N be a graded map, then Iprqpfq : pmb 1 ÞÑ fpmq b 1q. Now
|m b 1| “ pr|m| ÞÑ pr|fpmq| “ pr|f | ` p|m|. Hence Iprqpfq is a graded map of
degree pr|f | and it easily follows that Iprq is an additive functor. The equalities in
the statement are true in the ungraded case. For the graded case they follow the
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same way. We just need to check that the gradings are compatible, which they are
by the computations below.
pM bNq
prq
k “
à
pri`j“k
p
à
l`m“i
Ml bNmq bF r Aj
“
à
pri`j“k
l`m“i
u`v“j
pMl bF r Auq b pNm bF r Avqqq
pM prq bN prqqk “
à
l`m“k
M
prq
l bN
prq
m
“
à
l`m“k
p
à
pri`j“l
Mi bF r Ajq b p
à
pru`v“m
Nu bAvq
“
à
l`m“k
pri`j“l
pru`v“m
pMi bF r Ajq b pNu bF r Avq
A homogeneous element in pM#qprq is of the form f bF r 1, where f : M Ñ A is a
graded map and |f bF r 1| “ p
r|f |. This element corresponds to pf P pM prqq# wherepfpmbF r 1q “ fpmq b 1 with f :M Ñ A and | pf | “ pr|f |. 
Definition 3.4. Given a gr-group scheme G over a gr-commutative ring A, since
Iprq is a functor, ArGprqs “ ArGs bF r A is a gr-Hopf algebra. Then F
r : A Ñ A
(a ÞÑ ap
r
) gives a map F r : G Ñ Gprq; we denote by Gprq “ G ˆGprq teu the gr-
group scheme which is the kernel of F r. It has coordinate algebra ArGs{ptxp
r
| x P
kerpεquArGsq. At the level of gr-Hopf algebras F r : ArGprqs Ñ ArGs is the map
that sends abα ÞÑ ap
r
bα. We say that Gprq is the graded rth Frobenius kernel of
G.
Definition 3.5. A gr-group scheme G is of height r, if r is the smallest positive
integer such that ap
r
“ 0 for every element a in the augmentation ideal of krGs,
where the augmentation ideal of krGs is the kernel of the counit map ε : krGs Ñ k.
4. Additive graded group scheme
For p ą 2, let G˚
a
be the gr-group scheme represented by krt, ssgr where |t| is even
and |s| is odd and both t and s are primitive. We call G˚
a
additive gr-group scheme.
We would like to point out the difference between the additive gr-group schemeG˚
a
,
and the ungraded additive group scheme Ga. Note that we do not fix the degrees
of t nor s. They are left as placeholders.
In the ungraded setting krGas “ krts and GapRq “ pR,`q for any commutative
algebraR, henceGa is the group scheme that describes the additive group structure
for any algebra R. In the graded case, for any graded algebra R, G˚
a
pRq “ pR|t| ˆ
R|s|,`q. We do not get the additive group structure of the whole ring R, we only
get the additive structure of the parts of degree equal to t and s. In order to get
the full additive structure of R we would need to consider the gr-group scheme
represented by
Â
iPZ krxis
gr where |xi| “ i and xi is primitive. This gr-Hopf
algebra is too big (not noetherian). It turns out that considering G˚
a
is enough in
our setting. In particular, the rth Frobenius kernel of G˚
a
, denoted by G˚
aprq
and
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represented by krt, ssgr{ptp
r
q would be our main protagonist in the development of
graded 1-parameter subgroups and in the further understanding of the cohomology
of a gr-group scheme.
For p “ 2, our definition of G˚
a
is slightly different. This is because this case
‘behaves’ like the ungraded case; our algebras are commutative, not just graded
commutative. It is enough to let krG˚
a
s “ krtsgr where t can be even or odd, and
in that case, krG˚
aprq
s “ krtsgr{pt2
r
q “ krts{pt2
r
q.
5. Graded general linear group
Definition 5.1. Let I “ pI1, . . . , Inq P Z
n, then for any graded commutative
algebra A we define the gr-group scheme
GLIpAq “ tpaijq PGLnpAq | |aij | “ Ij ´ Iiu.
The coordinate algebra for GLI is krGLI s “ krxij , ts
gr
1ďi,jďn{pdetpxijqt´1q, where
∆pxijq “
ř
xik b xkj , εpxijq “ δij , and |xij | “ Ij ´ Ii. The gr-group scheme GLI
is called the graded general linear group indexed by I.
Definition 5.2. Let I “ pI1, . . . , Inq P Z
n, then for any graded commutative
algebra A we define the graded affine scheme
MIpAq “ tpaijq PMnpAq | |aij | “ Ij ´ Iiu.
The coordinate algebra for MI is krMI s “ krxij s
gr
1ďi,jďn, where ∆pxijq “
ř
xik b
xkj , εpxijq “ δij , and |xij | “ Ij ´ Ii. We call it, the graded affine scheme MI of
matrices indexed by I.
Remark 5.3. Note that GLI is a gr-group scheme as ∆ and ε gives an an-
tipode S (using Cramer’s rule). Instead, MI is just a graded affine scheme, that
is, MI is represented by krMI s, but for a gr-commutative algebra A, MIpAq “
HomGRpkrMI s, Aq, is not a group.
The quotient map krMI s Ñ krGLI s gives an inclusion GLI ãÑ MI and any gr-
group scheme mapping to MI factors through GLI .
Proposition 5.4. Let G be a gr-group scheme. If M is a finite dimensional graded
krGs-comodule of dimension n, then the coaction corresponds to a map GÑ GLI
for some I “ pI1, . . . , Inq.
Proof. Let M be a graded finite dimensional krGs right-comodule with comodule
map ρ : M Ñ M b krGs. Let tv1, . . . , vnu be a homogeneous basis for M . Let
I “ pI1, . . . , Inq “ p|v1|, . . . , |vn|q. Then ρpvjq “
ř
vi b aij where |aij | “ Ij ´ Ii.
Since vj “
ř
viεpaijq and the vi’s are linearly independent we have that εpaijq “ δij .
The map φ : krMI s Ñ krGs given by xij ÞÑ aij is a gr-bialgebra morphism. To see
that, φpεpxijqq “ φpδijq “ δij “ εpaijq “ εpφpxijqq. Also since pρ b idq ˝ ρ “ pid b
∆q˝ρ we get that
ř
i vib∆paijq “
ř
i vib
ř
k aikbakj , hence ∆paijq “
ř
k aikbakj .
Hence ∆pφpxijqq “ φp∆pxijqq.
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Then the map φ yields a gr-algebra map from φ˚ : GpRq Ñ MIpRq given by
φ˚pfqpxijq “ fpaijq for f P GpRq. Since GpRq is actually a group then φ
˚ must
factor through GLIpRq as desired. 
Proposition 5.5. Let G be a finite gr-group scheme, then there is a closed gr-
subgroup embedding G ãÑ GLI for some index I.
Proof. Since krGs is assumed to be finitely dimensional, let f1, . . . , fn be a homo-
geneous basis for krGs and I “ p|f1|, . . . , |fn|q. Since krGs is a finite dimensional
comodule over itself via the comultiplication map, write ∆pfjq “
ř
fi b gij .
We claim that pgijq P GLIpkrGsq. Consider the map φ : krMI s Ñ krGs, where
xij ÞÑ gij . We can check that φ is a gr-bialgebra map. Note that since fj “ř
εpfiqgij and p∆ b idq ˝∆ “ pid b∆q ˝∆ we get that
ř
i fi b∆pgijq “
ř
i fi bř
k gik b gkj . Since the fi’s form a minimal set we get that ∆pgijq “
ř
k gik b gkj .
Hence ∆pφpxijqq “ φp∆pxijqq. Since pidb εq ˝∆ “ id, we get that fj “
ř
i fiεpgijq,
which gives that εpgijq “ δij , hence εpφpxijqq “ φpεpxijqq. Since pε b idq ˝∆ “ id
we get that fj “
ř
i εpfiqgij and it follows that tgiju1ďi,jďn is a generating set for
krGs. Therefore φ is a surjective gr-bialgebra map which yields a map φ˚ : GpRq Ñ
MIpRq. Since GpRq is a group then φ
˚ must factor throughGLIpRq as desired. 
Proposition 5.6. (From [Wat79, 3.3]) Let A be a (graded) finitely generated Hopf
algebra. Let V be a (graded) comodule for A. Then any (homogeneous) v P V is
contained in a finite dimensional (graded) subcomodule.
Proof. Let taiu be a (homogeneous) basis for A then ρpvq “
ř
vibai where all but
finitely many vi’s are zero (they are homogeneous). Write ∆paiq “
ř
rijkaj b ak.
Then ÿ
ρpviq b ai “ pρb idqρpvq “ pidb∆qρpvq “
ÿ
vi b rijkaj b ak.
We get that ρpvkq “
ř
vi b rijkaj . Hence the space spanned by v and the vi’s is a
finite dimensional (graded) subcomodule of V . 
Remark 5.7. We now prove the same results in the case of G any gr-group scheme
not necessarily finite.
Proposition 5.8. Let G be a gr-group scheme, then there is a closed gr-subgroup
embedding G ãÑ GLI .
Proof. Let V be a graded finite dimensional subcomodule of krGs containing a
finite set of generators for krGs. Let tv1, . . . , vnu be a homogeneous basis for V
and I “ p|v1|, . . . , |vn|q. Note that tviu is a generating set for krGs. Then ∆pvjq “ř
vi b aij and vj “ pεb idq∆pvjq “
ř
εpviqaij , therefore taiju also generate krGs.
Again consider the map krMI s Ñ krGs which sends xij ÞÑ aij then the map
is surjective since the aij generate krGs and is a gr-bialgebra map by the same
computations as in 5.5 and it gives a closed embedding of G in GLI . 
Example 5.9. Recall the Dual Steenrod subalgebraAp1q from 2.6, Ap1q “ F2rξ1, ξ2s
gr{pξ41 , ξ
2
2q,
then the generators ξ1, ξ2 are contained in the finite dimensional comodule V “
x1, ξ1, ξ
2
1 , ξ2y; a matrix corresponding to the comodule action on V is given by
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φ “
»
——–
1 ξ1 ξ
2
1 ξ2
0 1 0 0
0 0 1 ξ1
0 0 0 1
fi
ffiffifl .
Now detpφq “ 1, which is invertible; then the map φ˚ : krGLI s Ñ krS1s which
sends xij ÞÑ φij yields the embedding φ : S1 ãÑ GLI , where I “ p0, |ξ1|, |ξ
2
1 |, |ξ2|q “
p0, 1, 2, 3q, as a gr-group scheme S1 ãÑ GLI .
6. Graded 1-parameter subgroups
We recall the definition of 1-parameter subgroups as given in [SFB97b].
Definition 6.1. Let G be a group scheme over k and r ą 0 be a positive integer.
We define the functor
VrpGq : pcomm k-algq Ñ psetsq
by
VrpGqpAq “ Homgrp{ApGaprq bA,GbAq.
That is, all the A group scheme homomorphisms Gaprq bAÑ GbA.
By [SFB97b] for any commutative algebra A, we have the natural identification of
VrpGLnqpAq “ tpa0, . . . , ar´1q | ai PMnpAq, a
p
i “ 0 “ raj, als for all 0 ď i, j, l ă ru.
We modify the definition of the scheme VrpGq in the graded case.
Definition 6.2. Let G be a gr-group scheme, and r ą 0 a positive integer, we
define the functor
V ˚r pGq : GR Ñ psetsq
by setting
V ˚r pGqpAq “ Homgr-grp{ApG
˚
aprq
bA,Gb Aq.
We call V ˚r pGq the graded 1-parameter subgroups for G.
Let G “ GLI , we see how V
˚
r pGLIq compares to the ungraded version defined
above. We discuss the p ą 2, the p “ 2 follows similarly and it is easier to compute.
Recall that in this case G˚
aprq
is represented by krt, ssgr{ptp
r
q.
For a graded commutative algebra A, an element f P V ˚r pGLIqpAq is a map of
graded A-schemes
f : G˚
aprq
bAÑ GLI bA
and it corresponds to aG˚
aprq
bA-module (ArG˚
aprq
s-comodule) structure on ΣIA :“Àn
i“1pΣ
IiAq where I “ pI1, . . . , Inq and Σ
IiA corresponds to A shifted by Ii. Hence
it corresponds to a map
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ρf : Σ
IAÑ ArG˚
aprq
s bA Σ
IA.
For v P ΣIA we can write
ρf pvq “
pr´1ÿ
k“0
ptk b βkpvq ` t
ksb σkpvqq,
where βk, σk PMnpAq.
From the counit diagram for ρf we get that β0 is the identity map and from the
coassociativity diagram we get the following relations:
for i` j ď pr ´ 1,
(1) βjβi “
ˆ
i` j
j
˙
βi`j “ βiβj,
and
(2) βjσi “ βiσj “ σiβj “ σjβi “
ˆ
i` j
j
˙
σi`j ,
and for i` j ą pr ´ 1 all the above values are zero. We also get that for any i and
j,
(3) σiσj “ 0.
Proposition 6.3. Let αi “ βpi for i “ 1, . . . , r ´ 1 then any βj and σj for j ‰ 0
can be written in terms of the αi’s and σ0.
Proof. First note that by formula (2) any σi “ βiσ0. Now for some βj not of the
form αi, we can write j “ p
lq where pl is maximal with respect to dividing j and
q ‰ 1. Let us assume by induction that βplpq´1q can be written in terms of the αi’s.
Then j “ pl ` plpq ´ 1q and then
`
pl`plpq´1q
pl
˘
βj “ βplpq´1qβpm . It can be shown
that p ∤
`
pl`plpq´1q
pl
˘
therefore βj can be described in terms of the αi’s. 
Remark 6.4. More precisely, as in [SFB97b, 1.2] we get that for any j “
řr´1
l“0 jlp
l
with 0 ď jl ă p,
βj “
α
j0
0 ¨ ¨ ¨α
jr´1
r´1
pj0!q ¨ ¨ ¨ pjr´1!q
,
and
σi “
α
j0
0 ¨ ¨ ¨α
jr´1
r´1 σ0
pj0!q ¨ ¨ ¨ pjr´1!q
.
The proposition above tells us that in order to describe a map ρf it is enough to
have maps αi for i “ 0, . . . r ´ 1 and σ0. From now on we will relabel σ “ σ0 for
simplicity.
Proposition 6.5. Let A be a graded commutative algebra and let I “ pI1, . . . , Inq,
then
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V ˚r pGLIqpAq “
"
tpα0, . . . , αr´1q PMnpAq
ru if p “ 2,
tpα0, . . . , αr´1, σq PMnpAq
r`1u if p ą 2.
Where
‚ αpk “ σ
2 “ rαk, αls “ rαk, σs “ 0 for all 0 ď k, l ă r,
‚ |pαkqij | “ Ij ´ Ii ´ p
k|t|, and
‚ |σij | “ Ij ´ Ii ´ |s|.
Proof. These relations come formulas (1) and (2). 
Proposition 6.6. Let A be a graded commutative algebra and let H P GLIpArG
˚
aprq
sq
such that H yields a graded comodule structure for ΣIA. Then
H “
pr´1ÿ
k“0
βkt
k ` σkt
ks
Proof. A homogeneous basis for ΣIA over A must be given by e1 “ 1ΣI1A, e2 “
1ΣI2A, . . . en “ 1ΣInA where then |ei| “ Ii then ρf pejq “
ř
gij b ei, where pgijq P
GLIpArG
˚
aprq
sq.
Given v P ΣIA we can write v “ a1e1 ` ¨ ¨ ¨ ` anen and
ρf pvq “
pr´1ÿ
k“0
tk b βkpvq ` t
ksb σkpvq.
Note that if instead we write the coaction in terms of the basis elements we get
that
ρf pejq “
nÿ
i“1
gij b ei.
Comparing these expressions we obtain
nÿ
i“1
gij b ei “
pr´1ÿ
k“0
tk b βkpejq ` t
ksb σkpejq
“
pr´1ÿ
k“0
tk b
nÿ
i“1
pβkqijei ` t
ksb
nÿ
i“1
pσkqijei
“
nÿ
i“1
pr´1ÿ
k“0
rpβkqijt
k ` pσkqijt
kss b ei.
We have this Taylor polynomial type relation:
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gij “
pr´1ÿ
k“0
pβkqijt
k ` pσkqijt
ks.

Remark 6.7. For p ą 2, given such a map f : G˚
aprq
b A Ñ GLI b A as above,
we get an r ` 1-tuple pα, σq “ pα0, . . . , αr´1, σq.
Conversely, given pα, σq, we can construct the map f : G˚
aprq
b A Ñ GLI b A as
exppα, σq, defined the following way. Let R be a graded A-algebra, we define exppαq
for any p-nilpotent α PMnpRq as
exppαq “ I ` α`
α2
2
` ¨ ¨ ¨ `
αp´1
pp´ 1q!
P GLIpRq.
There is a correspondence between u P R|t| (p
r-nilpotent), v P R|s|, and g P pG
˚
aprq
b
AqpRq given by gptq “ u and gpsq “ v. We define exppα, σq as follows: for any
u P R|t| and v P R|s|,
exppα, σqpu, vq “ exppuα0q exppu
pα1q ¨ ¨ ¨ exppu
pr´1αr´1q exppvσq PGLIpRq,
and from the relations in 6.4 we can check that f “ exppα, σq.
Beware that even though αi and σ commute, pαitqpσsq may not be equal to
pσsqpαitq since s is of odd degree, so we need to be careful when computing
exppα, σqpu, vq.
Proposition 6.8. Given a gr-group scheme G, V ˚r pGq is a graded affine scheme,
that is, V ˚r pGq is a representable functor from graded commutative algebras to sets.
Moreover V ˚r is a functor from gr-group schemes to graded affine schemes.
Proof. By. 6.5 V ˚r pGLIq has as a coordinate ring;
krX lijs
gr
0ďlďr´1,1ďi,jďn
ppX lqp, rX l, Xksq
,
for p “ 2 and,
krX lij , Yij s
gr
0ďlďr´1,1ďi,jďn
ppX lqp, pY q2, rX l, Xks, rX l, Y sq
,
for p ą 2.
Where X l and Y are the nˆn matrices with ijth entry being the variable X lij and
Yij respectively. These are graded by |X
l
ij | “ pIj´Ii´p
l|t|q and |Yij | “ pIj´Ii´|s|q.
Let G be a gr-group scheme; by 5.8 there exists an embedding φ : G ãÑ GLI for
some I. Given a graded algebra A, elements in V ˚r pGLIqpAq corresponds to an
r ` 1-tuple pα, σq PMnpAq
r`1 (satisfying the conditions in 6.5) via exppα, σqpt, sq.
Then given g P V ˚r pGqpAq there exists an pα, σq P V
˚
r pGLIq such that the following
diagram commutes.
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G˚
aprq
bA
exppα,σqpt,sq //
g
))❘❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘
GLI bA
GbA
?
φbA
OO
The above diagram says that any element in V ˚r pGq can be describe by the defining
equations of the embedding on an exponential map to GLI b A. More precisely,
the embedding φ : G ãÑ GLI corresponds to a surjective map φ
˚ : krGLI s Ñ
krGs and has defining equations F1, . . . , Fm describing the kernel of φ
˚. Then the
coordinate algebra of krV ˚r pGqs is precisely the quotient of krV
˚
r pGLIqs defined by
FipexppX
l
ij , Y qpt, sqq “ 0.
Note that since the coordinate ring for V ˚r pGq uniquely describes V
˚
r pGq as a graded
affine scheme then as a graded algebra krV ˚r pGqs is independent of the embedding.
We now show that V ˚r p q is a functor. Let ϕ : G Ñ H be gr-group scheme
homomorphism, A a gr-commutative algebra, and V ˚r pϕq : V
˚
r pGq Ñ V
˚
r pHq is
given by the composition G˚
aprq
bA
g // GbA
ϕbA // H bA hence V ˚r pϕqpgq “
pϕbAq ˝ g P V ˚r pHq. It is then clear that V
˚
r is a covariant functor from gr-group
schemes to affine graded schemes. 
Remark 6.9 (Bigraded rings; notation for bidegree and total degree). There is
no standard notation for the bidegree and the total degree of a bigraded ring. We
describe the notation we will use. Let R be a bigraded ring. We will use }x} “ pi, jq
to denote the bidegree of a bihomogeneous element x P R. We denote }x}1 “ i and
}x}2 “ j, if we wish to refer to the first or second degree. The bigraded ring R
can be made into a graded ring via the first or second degree and also by the total
degree, we denote the total degree of x by totpxq “ i` j.
We can make krV ˚r pGqs into a bigraded ring with some external degrees. By con-
vention these degrees do not introduce any Kozsul sign convention. For instance,
when we write
krV ˚r pGLIqs “
krX lij , Yij s
gr
0ďlďr´1,1ďi,jďn
ppX lqp, pY q2, rX l, Xks, rX l, Y sq
the gr refers to krV ˚r pGLIqs as a graded polynomial ring with respect to the internal
degree that was computed in 6.8.
We bigrade krV ˚r pGqs the following way
}X lij} “
"
ppl, Ij ´ Ii ´ |t|p
lq for p “ 2,
p2pl, Ij ´ Ii ´ |t|p
lq for p ą 2, and
}Yij} “ pp
r, Ij ´ Ii ´ |s|q, for p ą 2.
Proposition 6.10. (From [Wil81, 2.2]) For G˚
aprq
the graded cohomology is
H˚,˚pG˚
aprq
,kq “ krλ1, . . . , λrs
gr,
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where }λi} “ p1, |t|p
i´1q for p “ 2, and
H˚,˚pG˚
aprq
,kq “ krx1, . . . , xr, y, λ1, . . . , λrs
gr,
where }xi} “ p2, |t|p
iq, }y} “ p1, |s|q, and }λi} “ p1, |t|p
i´1q for p ą 2.
The cohomology is bigraded with the first degree corresponding to the cohomological
degree and the second degree correspond to the internal degree of G˚
aprq
. As an
algebra H˚,˚pG˚
aprq
,kq is gr-commutative with respect to the total degree (c.f. A.27),
that is, the sum of the cohomological and internal degree.
Proposition 6.11. The external grading on V ˚r pGq corresponds to an action of
A1 on V ˚r pGq.
Proof. Since we can embed G into some GLI , it is enough to check this in the case
of V ˚r pGLIq. In that case given γ P A
1 we have that
V ˚r pGLIq ˆA
1 Ñ V ˚r pGLIq
where
xα, γy ÞÑ pγα0, γ
pα1, . . . , γ
pr´1αr´1q
for p “ 2, and
xpα, σqq, γy ÞÑ pγ2α0, γ
2pα1, . . . , γ
2pr´1αr´1, γ
prσq
for p ą 2.

Remark 6.12. The action of A1 above is compatible with the action of A1 on
G˚
aprq
where xt, γy P G˚
aprq
ˆA1 maps to γt for p “ 2 and xpt, sq, γy P G˚
aprq
ˆA1
maps to pγ2t, γp
r
sq for p ą 2.
This action does the following on H˚,˚pG˚
aprq
,kq:
γ˚pλiq “ γ
2i´1λi for p “ 2,
γ˚pxiq “ γ
2pixi, γ
˚pyq “ γp
r
y, and γ˚pλiq “ γ
2pi´1λi for p ą 2.
6.1. Computing krV ˚r pGqs for some gr-group schemes. To compute krV
˚
r pGqs
we embed our gr-group schemes into some GLI as described in 5.8. The defining
equations of the embedding φ : G ãÑ GLI corresponds to a surjective map φ
˚ :
krGLI s Ñ krGs and has defining equations F1, . . . , Fm describing the kernel of φ
˚.
Then the coordinate algebra of krV ˚r pGqs is precisely the quotient of krV
˚
r pGLIqs
defined by FipexppX
l
ij , Y qpt, sqq “ 0 for p ą 2 and by FipexppX
l
ijqptqq “ 0 for p “ 2.
Example 6.13. Recall the gr-group scheme S1 from 2.6, S1 is represented by
Ap1q “ F2rξ1, ξ2s
gr{pξ41 , ξ
2
2q. From 5.9 the embedding φ : S1 Ñ GLI
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φ “
»
——–
1 ξ1 ξ
2
1 ξ2
0 1 0 0
0 0 1 ξ1
0 0 0 1
fi
ffiffifl ,
where I “ p0, |ξ1|, |ξ
2
1 |, |ξ2|q “ p0, 1, 2, 3q.
The gr-group scheme S1 has height 2, so we compute F2rV
˚
2 pS1qs. We have that
F2rV
˚
2 pGLIqs “
krX0ij , X
1
ijs
gr
1ďi,jď4
ppX0q2, pX1q2, rX0, X1sq
.
Let Z “ exppX0, X1qptq “ I ` X0t ` X1t2 ` X0X1t3 be the 4 ˆ 4 matrix with
entries in F2rV
˚
2 pGLIqs. From φ we get that the defining equations are
‚ Zii “ 1,
‚ Z21 “ Z23 “ Z24 “ Z31 “ Z32 “ Z41 “ Z42 “ Z43 “ 0,
‚ Z12 “ Z34,
‚ Z212 “ Z13, and
‚ Z412 “ 0, Z
2
14 “ 0.
We get some relations on the entries ofX0 andX1. To begin with, the only possibly
nonzero entries are X l12, X
l
13, X
l
14, X
l
34 for l “ 0, 1. Also, from the definition of
F2rV
˚
2 pGLIqs, we also have that pX
0q2 “ pX1q2 “ 0 and rX0, X1s “ 0. Putting all
of these together we get that,
‚ X012 “ X
0
34, X
1
12 “ X
1
34,
‚ pX012q
2 “ X113, X
0
13 “ 0,
‚ pX014q
2 “ 0, and
‚ pX113q
2 “ 0, X113X
1
12 “ 0.
Therefore
F2rV
˚
2 pS1qs “
F2rX
0
14, X
1
12, X
1
13, X
1
14s
gr
ppX014q
2, pX113q
2, pX113X
1
12qq
,
which is F -isomorphic to F2rX
1
12, X
1
14s
gr where }X112} “ p2, 1 ´ 2|t|q and }X
1
14} “
p2, 3´ 2|t|q.
Example 6.14. (Wilkerson’s counterexample [Wil81, 6.3])
Consider the quotient of the dual of the Steenrod algebra given by
FprW1s “
Fprξ1, ξ2, ξ3s
gr
pξp1 , ξ
p2
2 , ξ
p
3q
.
We can embed φ :W1 Ñ GLI where
φ “
»
————–
1 ξ1 ξ2 ξ
p
2 ξ3
0 1 0 0 0
0 0 1 0 0
0 0 0 1 ξ1
0 0 0 0 1
fi
ffiffiffiffifl
We compute FprV
˚
r pW1qs for r “ 2 which is the height of FprW1s.
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‚ For p “ 2, let I “ p0, 1, 3, 6, 7q and
F2rV
˚
2 pGLIqs “
F2rX
0
ij, X
1
ij s
gr
1ďi,jď5
ppX0q2, pX1q2, rX0, X1sq
.
Then exppX0, X1qptq “ I`X0t`X1t2`X0X1t3. The defining equations
for the embedding give that X0ij “ X
1
ij “ 0 for ij ‰ 12, 13, 14, 15, 45.
This also implies that pX0X1qij “ 0 except for ij “ 15 and in that case
pX0X1q15 “ X
0
14X
1
45 “ X
1
14X
0
45. Among other relations, we get that,
F2rV
˚
2 pW1qs is F -isomorphic to
F2rX
0
13, X
1
12, X
1
13, X
1
15s
gr
ppX013q
2X112q
,
where
– }X013} “ p1, 3´ |t|q,
– }X112} “ p2, 1´ 2|t|q,
– }X113} “ p2, 3´ 2|t|q, and
– }X115} “ p2, 7´ 2|t|q.
‚ For p ą 2 we have that I “ p0, 2pp´1q, 2pp2´1q, 2ppp2´1q, 2pp3´1qq, and
FprV
˚
2 pGLIqs “
FprX
0
ij , X
1
ij , Yijs
gr
1ďi,jď5
ppX0qp, pX1qp, pYijq2, rX0, X1s, rX0, Y s, rX1, Y sq
.
Then doing computations as in the p “ 2 case, we find that FprV
˚
2 pW1qs
is F -isomorphic to
FprX
0
13, X
1
12, X
1
13, X
1
15s
gr,
where
– }X013} “ p2, 2pp
2 ´ 1q ´ |t|q,
– }X112} “ p2p, 2pp´ 1q ´ p|t|q,
– }X113} “ p2p, 2pp
2 ´ 1q ´ p|t|q,
– }X115} “ p2p, 2pp
3 ´ 1q ´ p|t|q,
Example 6.15. (Wilkerson’s counterexample [Wil81, 6.5]) Let
F2rW2s “
F2rxis
gr
1ďiď5
px2i q
,
and xi is primitive for i ă 5 and ∆px5q “ x5 b 1` x1 b x4 ` x2 b x3 ` 1b x5. We
can embed φ :W2 Ñ GLI where
φ “
»
——————–
1 x1 x2 x3 x4 x5
0 1 0 0 0 x4
0 0 1 0 0 x3
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
fi
ffiffiffiffiffiffifl
,
and I “ p0, 1, 2, 3, 4, 5q.
The height of F2rW2s is r “ 1, then
F2rV
˚
1 pGLIqs “
F2rXijs
gr
1ďi,jď6
pX2q
,
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where }Xij} “ p1, j ´ i´ |t|q.
By the defining equation of the embedding we get that
F2rV
˚
1 pW2qs “
F2rX12, X13, X14, X15, X16s
gr
pX12X15 `X13X14q
.
Example 6.16. Consider the quotient of the dual of the Steenrod algebra given
by
FprGs “
Fprξ1, τ0, τ1s
gr
pξp1 q
,
for p ą 2 where |ξ1| “ 2pp´ 1q, |τ0| “ 1 and |τ1| “ 2p´ 1, ξ1 and τ0 are primitive
and ∆pτ1q “ τ1 b 1` ξ1 b τ0 ` 1b τ1.
We can embed φ : G ãÑ GLI where I “ p0, 2pp´ 1q, 1, 2p´ 1q and
φ “
»
——–
1 ξ1 τ0 τ1
0 1 0 τ0
0 0 1 0
0 0 0 1
fi
ffiffifl .
Then the height is r “ 1 and
FprV
˚
1 pGLIqs “
FprXij , Yijs
gr
1ďi,jď4
pXp, Y 2, rX,Y sq
.
For a defining equation Fi for φ, the equation FipexppX,Y qpt, sqq “ 0 gives us that
‚ Xij “ Yij “ 0 for ij ‰ 12, 13, 14, 24,
‚ pX2qij “ 0 except for pX
2q14 “ X12X24, and
‚ pXY qij “ 0 except pXY q14 “ X12Y24 “ Y12X24,
‚ X3 “ 0 and XY 2 “ 0,
‚ pX13q
2 “ pX14q
2 “ 0,
among other relations. Then FprV
˚
1 pGqs is F -isomorphic to
FprX12, Y12, Y13, Y14s
gr
pY12Y13, X12Y13 ´ Y12X13q
,
with bidegrees
‚ }X12} “ p2, 2pp´ 1q ´ |t|q,
‚ }Y12} “ pp, 2pp´ 1q ´ |s|q,
‚ }Y13} “ pp, 1´ |s|q, and
‚ }Y14} “ pp, 2p´ 1´ |s|q.
7. The algebra map ψ : H˚,˚pG,kq Ñ krV ˚r pGqs
For a gr-group scheme G we give an algebra map from H˚,˚pG,kq to krV ˚r pGqs.
For reference we state the results in the ungraded case.
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Theorem 7.1. ([SFB97b, 1.14]) For any affine group scheme G, there is a natural
homomorphism of graded commutative algebras ψ : HevpG,kq Ñ krVrpGqs which
multiplies degrees by pr{2.
Theorem 7.2. ([SFB97b, 1.14.1]) Assume that p “ 2. Then for any affine group
scheme G, there is a natural homomorphism of graded commutative algebras ψ :
H˚pG,kq Ñ krVrpGqs which multiplies degrees by 2
r´1.
For a gr-group variety we get the following graded version of ψ.
Theorem 7.3. Let G be a gr-group scheme. There is an algebra map
ψ : H˚,˚pG,kq Ñ krV ˚r pGqs.
If z P Hn,mpG,kq, then
‚ for p ą 2, ψpzq is a sum of bihomogeneous pieces of bidegree pnpr,m ´
|t|prl ´ k|s|q where 2l` k “ n;
‚ for p “ 2, ψpzq is bihomogeneous of bidegree pn2r´1,m´ n|t|2r´1q.
Proof. Consider the identity map 1 P V ˚r pGqpkrV
˚
r pGqsq; this map corresponds to
some u : G˚
aprq
ˆ V ˚r pGq Ñ Gˆ V
˚
r pGq.
For any graded algebra A, an element in pG˚
aprq
ˆ V ˚r pGqqpAq corresponds to
xpa, bq, fy, where pa, bq is the map in G˚
aprq
pAq such that t ÞÑ a and s ÞÑ b and
f : G˚
aprq
bAÑ GbA.
The identity map 1 P V ˚r pGqpkrV
˚
r pGqsq corresponds to u : G
˚
aprq ˆ V
˚
r pGq Ñ
pGˆV ˚r pGqq where for xpa, bq, fy P pG
˚
aprq
ˆV ˚r pGqqpAq, upxpa, bq, fyq “ xfpa, bq, fy.
To see this we focus on the case of GLI . It can be checked that
1 P V ˚r pGLIqpkrV
˚
r pGLIqsq
corresponds to
u “ exppX,Y qpt, sq
where X “ pX0, . . . , Xr´1q. Note also that f is given by an r ` 1-tuple pα, σq
such that exppα, σqpt, sq “ f . Then upxpa, bq, fyq “ xexppα, σqpa, bq, exppα, σqpt, sqy.
This can be unraveled by saying that u sends xpa, bq, fy ÞÑ xfpa, bq, fy P pGLI ˆ
V ˚r pGLIqqpAq.
For a gr-group scheme G and embedding φ : G ãÑ GLI the following diagram
commutes:
G˚
aprq
ˆ V ˚r pGq
  //
u

G˚
aprq
ˆ V ˚r pGLIq
u

Gˆ V ˚r pGq
  // GLI ˆ V ˚r pGLIq,
which gives that u is as described above.
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We now define ψ; its definition will depend on whether p “ 2 or p ą 2, recall
H˚,˚pG˚
aprq
,kq from 6.10.
‚ For p “ 2 and z P Hn,mpG,kq,
u˚pzq “
ÿ
λj b fjpzq P H
˚,˚pG˚
aprq
,kq b krV ˚r pGqs,
where λj “ λj11 ¨ ¨ ¨λ
jr
r . We define ψpzq as the coefficient for λ
n
r in krV
˚
r pGqs.
‚ For p ą 2 and z P Hn,mpG,kq,
u˚pzq “
ÿ
λjxiyk b fijkpzq P H
˚,˚pG˚
aprq,kq b krV
˚
r pGqs,
where λjxiyk “ λj11 ¨ ¨ ¨λ
jr
r x
i1
1 ¨ ¨ ¨x
ir
r y
k. We define ψpzq as the sum of all
the coefficients for xlry
k in krV ˚r pGqs such that n “ 2l` k.
For any γ P A1, the following diagram commutes, where γ is acting on G˚
aprq
and
V ˚r pGq as described in 6.11.
G˚
aprq
ˆ V ˚r pGq
1ˆγ //
γˆ1

G˚
aprq
ˆ V ˚r pGq
u // Gˆ V ˚r pGq
pi1

G˚
aprq
ˆ V ˚r pGq
u // Gˆ V ˚r pGq
pi1 // G.
To figure out the grading of ψpzq we pullback on the diagram above in the two
possible ways and compare them.
For p “ 2 we get that ÿ
γj1`2j2`¨¨¨`2
r´1jrλj b fjpzq,
which implies that }ψpzq} “ pn2r´1,m´ n|t|2r´1q.
For p ą 2 we have thatÿ
γ2j1`2pj2`¨¨¨`2p
r´1jr`2pi1`¨¨¨`2p
rir`p
rkλjxiyk b fijkpzq.
In this case ψpzq is only homogeneous with respect to the cohomological degree and
not bihomogeneous, but the bihomogeneous pieces of ψpzq have bidegree pnpr,m´
|t|prl ´ k|s|q where 2l` k “ n.
It can be easily checked that ψ is indeed an algebra map. 
8. Detection properties and F -injectivity of ψ
From [SFB97b] and [SFB97a] we have that for any infinitesimal group scheme of
height ď r, the ungraded version of ψ is an F -isomorphism. A result of this type
allows us to compute the cohomology of a group scheme G (up to nilpotents) in a
fairly straightforward way. We can do this by embedding G into some GLn and
using the defining equations of this embedding to describe krVrpGqs as a quotient
of krVrpGLnqs.
Given the usefulness of such a result, it is a natural question to ask if we get a similar
result in our case. In our quest to answer this question we compute some examples
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of the map ψ and we show that they are in fact F -isomorphisms. Then, we define
some detection properties of the cohomology of a gr-group scheme and study their
relation. Finally, we (partially) answer the question for a class of gr-group schemes.
Recall that a map between k-algebras is F -isomorphism if its kernel consists of
nilpotent elements, and some pth power of every element in the target is actually
in the image. We also recall from A.27 that the cohomology of a finite gr-group
scheme is graded commutative with respect to the total degree.
8.1. Examples of ψ for some gr-group schemes.
Example 8.1. For G˚
aprq and p ą 2:
‚ H˚,˚pG˚
aprq
,kq is F -isomorphic to krx1, . . . , xr, ys
gr where }xi} “ p2, |u|p
iq, |y| “
p1, |v|q.
‚ krV ˚r pG
˚
aprq
qs is F -isomorphic to krx0, . . . , xr´1, y0sgr where }xi} “ p2pi, |u|´
|t|piq, and }y0} “ ppr, |v| ´ |s|q.
By comparing bidegrees, ψpxiq “ px
r´iqp
i
, ψpyq “ y0.
Example 8.2. Recall the gr-group scheme S1 from 2.6 which has coordinate alge-
bra krS1s “
F2rξ1,ξ2s
gr
pξ4
1
,ξ2
2
q
. We have that H˚,˚pS1,F2q is F -isomorphic to F2rh10, h20s,
where }h10} “ p1, 1q, and }h20} “ p1, 3q.
We compute on 6.13 that F2rV
˚
2 pS1qs is F -isomorphic to F2rx, ys
gr where }x} “
p2, 1 ´ 2|t|q and }y} “ p2, 3 ´ 2|t|q. By comparing bidegrees, ψph10q “ x and
ψph20q “ y.
Example 8.3. Recall Wilkerson’s counterexample from 6.14, FprW1s. For p ą
2, we have that FprV
˚
2 pW1qs is F -isomorphic to FprX
0
13, X
1
12, X
1
13, X
1
15s
gr. From
[Wil81, 6.3] we have that H˚,˚pW1,kq is F -isomorphic to
Fprb10, b20, b21, b30s
gr
where
‚ }b10} “ p2, 2ppp´ 1qq,
‚ }b20} “ p2, 2ppp
2 ´ 1qq,
‚ }b21} “ p2, 2p
2pp2 ´ 1qq, and
‚ }b30} “ p2, 2ppp
3 ´ 1qq.
By comparing bidegrees, ψ corresponds to the map that sends b10 ÞÑ pX
1
12q
p, b20 ÞÑ
pX113q
p, b21 ÞÑ pX
0
13q
p2 , and b30 ÞÑ pX
1
15q
p.
Example 8.4. Recall Wilkerson’s counterexample from 6.15: F2rW2s, F2rV
˚
1 pW2qs
is F -isomorphic to F2rx1, x2, x3, x4, x5s{px1x4`x2x3q, where }xi} “ p1, i´|t|q. From
[Wil81, 6.5], H˚,˚pW2,kq is F -isomorphic to
F2rz1, z2, z3, z4, z
2
5s
pz1z4 ` z2z3q
,
where }zi} “ p1, iq. We then have that ψpziq “ xi for i ă 5 and ψpz
2
5q “ x
2
5.
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In [SFB97a], they show that the ungraded ψ is an F -isomorphism. To show that ψ
is an F -monomorphism they first show that the cohomology of infinitesimal group
schemes of height ď r satisfies a detection property. By a detection property we
mean some sort of Quillen-type result in which the cohomology of our object can
be detected (up to nilpotent) by understanding the cohomology of some sub-class
or restriction of this object.
For infinitesimal group schemes, the detection property is one that detects the
cohomology up to nilpotents by restricting to 1-parameter subgroups. More pre-
cisely, in [SFB97a, 4.3] they show that z P HnpG,kq is nilpotent if and only if
for every field extension K{k and every group scheme homomorphism over K,
ν : Gaprq b K Ñ G b K, the cohomology class ν
˚pzKq P H
npGaprq b K,Kq is
nilpotent.
For gr-Hopf algebras, in [Wil81], a detection property is defined in terms of el-
ementary sub-Hopf algebras. A graded Hopf algebra as in [Wil81] satisfies the
detection property if each nonnilpotent cohomology class has a nonzero restriction
to at least one elementary sub-Hopf algebra. It is important to note that not all
gr-Hopf algebras as in [Wil81] satisfy this detection property. Hence we do not get
a Quillen-type result as we do in the ungraded case.
Wilkerson’s counterexamples in [Wil81] are example 6.14 (for the p ą 2 case) and
6.15 above. He showed that they do not satisfy his detection property. Although we
computed that for these gr-group schemes ψ is an F -isomorphism, what happens
is that even though they do not satisfy this detection property they satisfy some
detection property (one like that of [SFB97a]), that suffices to guarantee that ψ
is an F -monomorphism. We define such detection property below and compare it
to Wilkerson’s. We conclude by proving that if a gr-group variety satisfies such
detection property, then ψ is an F -monomorphism.
Definition 8.5. (From [Pal01, 2.1.6]) A gr-group scheme GE is said to be an
elementary gr-group scheme if its coordinate ring E is isomorphic (as a graded
Hopf algebra) to a tensor product of graded Hopf algebras of the forms
‚ krtsgr{pt2
n
q for p “ 2, and
‚ krtsgr{ptp
n
q and krssgr where |t| is even and |s| is odd for p ą 2,
where t and s are primitive elements.
Remark 8.6. Note that as usual, our definition includes the case in which t is
possibly of degree zero, while the definition in [Pal01] and [Wil81] is only for alge-
braically connected gr-group schemes.
We now give the definition of two detection properties; one based on that of
[SFB97a] the other on [Wil81].
Definition 8.7. Let G be a gr-group scheme, we say that G has the W-detection
property if z P Hn,mpG,kq is nilpotent if and only if for each elementary gr-subgroup
scheme of G, GE , its restriction to H
n,mpGE ,kq is nilpotent.
Given a field K, we can construct the graded field KrX,X´1s (KrX˘s for short),
where |X | “ 1 if p “ 2, and |X | “ 2 if p ą 2. Constructing this graded field is a
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useful tool that allows us to ‘grade’ scalars on our field K. For instance, if we want
to view a scalar λ P K as an element of degree l P Z, then we will identify λ with
λX l P KrX˘s. Note that for p “ 2, |λX l| “ l, while for p ą 2, |λX l| “ 2l.
Definition 8.8. Let G be a gr-group scheme of height ď r, we say that G has
the SFB-detection property if z P Hn,mpG,kq is nilpotent if and only if for every
field extension K of k and every gr-group scheme homomorphism over KrX˘s, ν :
G˚
aprqbKrX
˘s Ñ GbKrX˘s the restriction of z to Hn,mpG˚
aprqbKrX
˘s,KrX˘sq
is nilpotent.
Note that while the detection property in [Wil81] is for algebraically connected
cocommutative graded Hopf algebras and [SFB97a] detection property is for (un-
graded) infinitesimal group schemes, our detection properties are constructed for
gr-group schemes.
One word on why we choose KrX˘s for the SFB-detection property: for a field k,
a graded field extension of k may be one of the following; K where K is a field
extension in the ungraded sense, or the graded field KrX˘s where K is a field
extension in the ungraded sense.
We state the result saying that all infinitesimal group schemes satisfy an ungraded
detection property and we compare it to the SFB-detection property defined above.
We will refer to this result as the ungraded SFB-detection property.
Theorem 8.9. (From [SFB97a, 4.3]) Let G be an infinitesimal group scheme of
height ď r over k. Let z P HnpG,kq, then z is nilpotent if and only if for every field
extension K{k and every group scheme homomorphism over K, ν : Gaprq bK Ñ
GbK, the cohomology class ν˚pzKq P H
npGaprq bK,Kq is nilpotent.
Lemma 8.10. Let G be an evenly gr-group scheme and K an ungraded field, then
HompkrGs,Kq “ HomGRpkrGs,KrX
˘sq.
Proof. We have the following identification, f P HompkrGs,Kq Ø pf P HomGRpkrGs,KrX˘sq,
where for g homogeneous in krGs, fpgq “ λØ pfpgq “ λX |g|. 
Proposition 8.11. Let G be an evenly gr-group scheme and let K be an un-
graded field, then VrpGq and V
˚
r pGq have the same coordinate ring and VrpGqpKq “
V ˚r pGqpKrX
˘sq.
Proof. Since G is evenly graded we can embed G into a GLI which is also evenly
graded. In this case krV ˚r pGLIqs is commutative (not just graded commutative)
hence it is equal to krVrpGLnqs, by just forgetting the grading, where n is the
length of I. Similarly, krV ˚r pGqs “ krVrpGqs if we forget the grading. Hence VrpGq
and V ˚r pGq have the same coordinate ring and VrpGqpKq “ V
˚
r pGqpKrX
˘sq by
8.10 
Note that VrpGq is not equal to V
˚
r pGq, since they are representable functors
on different categories even though they have the same coordinate ring. That
is, VrpGqpAq “ HomGRpkrVrpGqs, Aq where A is a commutative algebra, while
V ˚r pGqpBq “ HompkrVrpGqs, Bq where B is a graded commutative algebra.
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Proposition 8.12. Let G be an evenly gr-group scheme. Then the ungraded SFB-
detection property (see 8.9) implies the SFB-property (see 8.8). Moreover, G has
the SFB-detection property.
Proof. First note that by A.8 H˚pG,kq “ H˚,˚pG,kq if we forget the internal
grading. Let z P Hn,mpG,kq be nilpotent, then since G has the ungraded SFB-
detection property we get that for every ν : G˚
aprq
bKrX˘s Ñ GbKrX˘s, ν˚pzq P
Hn,mpG˚
aprq
bKrX˘s,KrX˘sq is nilpotent (by tensoring by krX˘s).
Let ν˚pzq P Hn,mpG˚
aprq
b KrX˘s,KrX˘sq be nilpotent for every ν : G˚
aprq
b
KrX˘s Ñ GbKrX˘s. By 8.11 it follows that z is nilpotent. 
Proposition 8.13. Let G be a finite gr-group scheme, the W-detection property
implies the SFB-detection property. In particular, elementary gr-group schemes
have the SFB-detection property.
Proof. Without loss of generality, we can assume that G “ GE is an elementary
gr-group scheme of height ď r. We will prove that GE has SFB-detection property.
For simplicity let p ą 2; the p “ 2 case follows in the same way. The coordinate
ring of GE is
E “
krt1, . . . , tn, s1, . . . , sms
gr
ptp
r1
1 , . . . , t
prn
n q
,
where the ti’s and si’s are primitive, |ti| is even, and |si| is odd.
LetA “ KrX˘s, consider the map fromArGEs Ñ ArG
˚
aprq
s given by ti ÞÑ t
pr´riXki
and si ÞÑ sX
mi where ki “ p|ti| ´ p
r´ri |t|q{2 and mi “ p|si| ´ |s|q{2; which are
integers. This yields the map νE : G
˚
aprq
bAÑ GEbA. From 6.10, the cohomology
of GE and G
˚
aprq are:
H˚,˚pGE ,kq “
nâ
i“1
`
krxi1, . . . , xiri , yi, λi1, . . . , λiriq
‰gr
, and
H˚,˚pG˚
aprq
,kq “ krx1, . . . , xr, y, λ1, . . . , λrs
gr.
Then ν˚E : H
˚,˚pGEbA,Aq Ñ H
˚,˚pG˚
aprq
bA,Aq is given by xij ÞÑ xr´ri`jX
pjki ,
yi ÞÑ yX
mi, and λij ÞÑ λjX
li where li “ p|ti| ´ |t|q{2. Then ν
˚
E sends nonnilpotent
elements to nonnilpotent elements, hence GE has the SFB-detection property. 
Remark 8.14. In [Wil81] Wilkerson showed that examples FprW1s and F2rW2s
in 6.14 and 6.15, respectively, do not satisfy the W-detection property. However,
since W1 and W2 are evenly gr-group schemes, by 8.9 and 8.12 they satisfy the
SFB-detection property.
Lemma 8.15. Let G be a finite gr-group variety of height ď r with the SFB-
property, then for any z P Hn,mpG,kq, z is nilpotent whenever ψpzq P krV ˚r pGqs is
nilpotent.
Proof. Our proof is based on that in [SFB97a, 5.1]. Let z P Hn,mpG,kq with ψpzq
nilpotent. Since G has the SFB-property, it is enough to prove that, for all field
extensionsK of k and every gr-group scheme homomorphism ν : G˚
aprq
bAÑ GbA,
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ν˚pzAq P H
n,mpG˚
aprq
b A,Aq is nilpotent, where A “ KrX˘s. Without loss
of generality, let K be algebraically closed. Let ν˚pzAq P Arx1, . . . , xr, ys
gr be
the element in Hn,mpG˚
aprq
b A,Aqred (the reduce cohomology) corresponding to
ν˚pzAq P H
n,mpG˚
aprq
bA,Aq. Then ν˚pzAq equals
ÿ
2pi1`¨¨¨`irq`j“n
|t|ppi1`p
2i2`¨¨¨`p
rirq`|s|j“m
api,jqx
i1
1 x
i2
2 ¨ ¨ ¨x
ir
r y
j,
where pi, jq “ pi1, . . . , ir, jq. We will show that ν˚pzAq “ 0 and since G has the
SFB-detection property, it will follow that z is nilpotent.
Let pc, dq “ pc1, . . . , cr, dq be an r ` 1-tuple in A, where |ci| “ |t|p1 ´ p
i´1q and
|d| “ 0. Note that |ci| depends only on i and not on the choice of ci. We can write
ci “ c˜iX
|ci| and pc˜, dq “ pc˜1, . . . , c˜r, dq an r ` 1-tuple in K.
Let E be the elementary gr-group scheme over A with coordinate ring
ArEs “ Art1, . . . , tr, ss
gr{ptp
r
1 , . . . , t
pr
r q,
where |ti| “ |t| and s is graded as in G
˚
aprq
. Let γpc,dq : G
˚
aprq
b A Ñ G˚
aprq
b A
denote the composition
G˚
aprq
bA
p∆evqrˆ∆od // E bA
Fpc,dq // E bA
m // G˚
aprq
bA ,
where
‚ m˚ : ArG˚
aprq
s Ñ ArEs is given by t ÞÑ ∆r´1ptq b 1, s ÞÑ 1 b ¨ ¨ ¨ b 1 b s,
followed by the map pt ÞÑ t1q b ¨ ¨ ¨ b pt ÞÑ trq b ps ÞÑ sq and followed by
multiplication.
‚ F˚pc,dq : ArEs Ñ ArEs is given by ti ÞÑ cit
pi´1
i , s ÞÑ ds, and finally
‚ pp∆evqr ˆ∆odq˚ : ArEs Ñ ArG˚
aprq
s is given by ti ÞÑ t, and s ÞÑ s.
It follows that on cohomology
γ˚pc,dqpxiq “ c
pi´1
1 xi ` c
pi´1
2 xi`1 ` . . .` c
pi´1
r´i`1xr , and γ
˚
pc,dqpyq “ dy.
Recall from 7.3 that u : G˚
aprq
b krV ˚r pGqs Ñ G b krV
˚
r pGqs is defined to be the
identity map 1 P V ˚r pGqpkrV
˚
r pGqsq. The universality of u gives that for any graded
commutative k-algebra A and any ω : G˚
aprq
b A Ñ G b A the following diagram
commutes.
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H˚,˚pG,kq

u˚
))
“ // H˚,˚pG,kq

ω˚
uu
H˚,˚pG,kq b krV ˚r pGqs
“

H˚,˚pG,kq bA
“

H˚,˚pGb krV ˚r pGqsq

H˚,˚pGbA,Aq

H˚,˚pG˚
aprq
b krV ˚r pGqs,krV
˚
r pGqsq
“

H˚,˚pG˚
aprq
bA,Aq
“

H˚,˚pG˚
aprq
,kq b krV ˚r pGqs

H˚,˚pG˚
aprq
,kq bA

krV ˚r pGqs // A
Now ψpzq is given by following z P H˚,˚pG,kq through the left side of the diagram
and then looking at the sum of all the coefficients for xlry
k such that n “ 2l` k in
krV ˚r pGqs.
Let ν1 “ ν ˝ γpc,dq : G
˚
aprq
b A Ñ G b A, then ν1˚pzAq P H
n,mpG˚
aprq
b A,Aqred
equals ÿ
2pi1`¨¨¨`irq`j“n
|t|ppi1`p
2i2`¨¨¨`p
rirq`|s|j“m
api,jqpc1x1 ` ¨ ¨ ¨ ` crxrq
i1 ¨ ¨ ¨ pcp
r´1
1 xrq
ir pdyqj .
If ψpzq is nilpotent then it follows from the diagram, in the case of ω “ ν1, that the
sum of all the coefficients of xlry
k such that n “ 2l ` k for ν1˚pzAq is zero. This
sum is equal to ÿ
2pi1`¨¨¨`irq`j“n
|t|ppi1`p
2i2`¨¨¨`p
rirq`|s|j“m
api,jqpcrq
i1pcpr´1q
i2 ¨ ¨ ¨ pcp
r´1
1 q
irdj .
We can rewrite this equation asÿ
2pi1`¨¨¨`irq`j“n
|t|ppi1`p
2i2`¨¨¨`p
rirq`|s|j“m
a˜pi,jq,lpc˜rq
i1 pc˜pr´1q
i2 ¨ ¨ ¨ pc˜p
r´1
1 q
irdjXqpi,lq,
where api,jq “
ř
l a˜pi,jq,lX
l and qpi, lq “ i1|cr| ` pi2|cr´1| ` ¨ ¨ ¨ ` p
r´1ir|c1| ` l.
Let
fi,lpc, dq “
ÿ
2pi1`¨¨¨`irq`j“n
|t|ppi1`p
2i2`¨¨¨`p
rirq`|s|j“m
a˜pi,jq,lpc˜rq
i1pc˜pr´1q
i2 ¨ ¨ ¨ pc˜p
r´1
1 q
irdj ,
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then each homogeneous term fi,lpc, dq “ 0 for any choice of r ` 1-tuple pc, dq P K.
Hence by the Nullstellensatz fi,j ” 0 as polynomial with coefficients in K and
a˜pi,jq,l “ 0. Therefore, ν˚pzAq “ 0 and since G has the SFB-detection property, it
follows that z is nilpotent as desired. 
Our main theorem of this chapter is now a direct consequence of 8.15. We also get
some corollaries from it.
Theorem 8.16. Let G be a finite gr-group variety of height ď r. If G has the
SFB-detection property, then ψ : H˚,˚pG,kq Ñ krV ˚r pGqs is an F -monomorphism,
that is, its kernel consists of nilpotent elements.
Corollary 8.17. Let G be an evenly gr-group variety of height ď r, then ψ :
H˚,˚pG,kq Ñ krV ˚r pGqs is an F -monomorphism.
Corollary 8.18. Let G be an elementary gr-group scheme of height ď r, then
ψ : H˚,˚pG,kq Ñ krV ˚r pGqs is an F -monomorphism.
Appendix A. Cohomology of graded algebras
For reference and completeness we provide some result and definitions regarding
the cohomology of gr-group schemes. Let R be a graded ring.
Definition A.1. Let M and N be graded R-modules, a map f : M Ñ N is a
graded map of degree n if fpMiq Ă Ni`n for all i.
Definition A.2. The i-suspension of a graded R-module M is defined to be the
graded module Mpiq given by M so that Mpiqj “Mi`j .
Definition A.3. Let M and N be graded R-modules. Let HomRpM,Nqn de-
note the subgroup of HomRpM,Nq consisting of maps of degree n. We define
HomRpM,Nq “ ‘iHomRpM,Nqi.
Definition A.4. Since HomRp , q is left exact we can defined the right derived
functor denoted by ExtnRp , q.
Proposition A.5. ([NVO04, 2.4.4]) If M,N are graded modules over R and M is
finitely generated then
HomRpM,Nq “ HomRpM,Nq.
Definition A.6. A graded module M is left gr-Noetherian if M satisfies the as-
cending chain condition for graded left R-submodules.
Proposition A.7 (P. Samuel). A Z-graded ring R “ ‘iPZRi, is gr-Noetherian if
and only if R0 is a Noetherian ring and R is finitely generated as an R0 algebra.
Proposition A.8. (From [NVO04, 2.4.7]) If R is left gr-Noetherian and M is
finitely generated then, for every n ě 0
ExtnRpM,Nq “ Ext
n
RpM,Nq.
Definition A.9. A graded R-module P is gr-projective if it is projective as an
object in the category of graded R-modules. That is, if P satisfies the universal
lifting property of projective modules, where the maps are graded maps between
graded modules. It can be shown (with the usual proofs following verbatim), that
P is gr-projective if and only if P is a direct summand of a graded free module.
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Proposition A.10. A graded module P is gr-projective if and only if P is graded
and projective.
Proof. One direction is clear, if P is gr-projective, then P is a direct summand of
a gr-free, forgetting the grading on F it is then a direct summand of a free module,
hence it is projective and also graded.
On the other hand if P is a graded module which is also a projective module, then
let f : M ։ N be a graded surjective map and g : P Ñ N a graded map, then
since P is projective there exists a map h : P Ñ M (not necessarily graded) such
that the following diagram commutes.
M
f

P
Dh
>>
⑥
⑥
⑥
⑥ g // N
We construct a graded map rh : P ÑM from h, such that the diagram will commute
if we substitute h with rh. Consider the group homomorphisms pii : M Ñ Mi
which are the projections of M onto its degree i part Mi and define the group
homomorphisms rhi : Pi ÑMi to be rhi “ pii ˝ h|Pi . We then define rh “ ‘i rhi : P Ñ
M .
The map rh is degree preserving. Let pi P Pi, then rhppiq “ rhippiq “ pii ˝ phppiqq. If
we write hppiq “
ř
jmj , then piiphppiqq “ mi.
The map rh is in fact an R-module map, since rh is defined as composition of group
homomorphims rhpp`qq “ rhppq`rhpqq. Since rh distributes with the sum, to check if
elements of R factor out it is enough to check on homogeneous elements. Let r P Ri
and p P Pj , then rp P Pi`j hence rhprpq “ pii`j ˝hprpq “ pii`jprhppqq “ rpijphppqq “
rrhppq.
To show g “ f ˝ rh we again assume p P Pi, homogeneous, then if hppq “ řjmj ,
then f ˝rhppq “ fppiiphppqqq “ fpmiq; on the other hand f ˝hppq “ gppq which gives
that fphppqq “ fp
ř
jmjq “
ř
j fpmjq “ fpmiq since g and f are graded maps. 
Remark A.11. (From [NVO04, 2.2]) Note that the proposition above is not true
if we replace gr-projective with gr-free as we may have a module which is free with
respect to a non-homogeneous basis and not free with respect to a graded basis.
For example let R “ Z ˆ Z with trivial grading and M the graded R module
where M0 “ Z ˆ 0, M1 “ 0 ˆ Z and Mi “ 0 for i ‰ 0, 1, then M cannot have a
homogeneous basis. Hence, gr-free is a stronger property than graded and free.
Proposition A.12. If Q in R-gr is injective when considered as an ungraded mod-
ule, then Q is gr-injective.
Proof. From [NVO04, 2.3.2]. The proof is very similar to the one above about
projective module except that a gr-injective module, may not be injective as an
ungraded module, so we do not get an if and only if statement. 
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We get the following corollary.
Corollary A.13. Let P be an R-module, then P is a gr-projective if and only if P
is projective as an object in the category where the objects are graded modules and
morphisms are HomRp , q.
We can do similar argument about gr-flat modules.
Definition A.14. A graded module M is gr-flat if the functor bZ M is exact.
We can show that M is gr-flat if and only if M is graded and flat, c.f. [NVO04,
2.12.11].
Given a graded algebra A, we want to compute its cohomology, which will turn
out to be a bigraded ring, that is H˚,˚pA,kq. Since a gr-projective module is the
same as a projective and graded module, a gr-projective resolution of k as a graded
A-module will also be a projective resolution of k as an A-module. We then apply
HomAp ,kq to compute Ext
˚
Apk,kq in order to compute the usual cohomology of
A, without keeping track of the grading.
If instead we want to compute the graded cohomology, we would need to apply the
functor HomAp ,kq. Let
¨ ¨ ¨
d2 // P1
d1 // P0
d0 // k // 0
be a graded projective resolution of k as an A-gr-module. We then apply the functor
HomAp ,kq to the resolution to get complex
0 // HomApP0,kq
δ0 // HomApP1,kq
δ1 // HomApP2,kq
δ2 // ¨ ¨ ¨
where δi : HomApPi,kq Ñ HomApPi`1,kq is given by δipfqppq “ fpdi`1ppqq for
p P Pi`1 and f P HomApPi,kq.
The nth graded cohomology is defined by HnpA,kq “ kerpδnq
impδn´1q
.
If A is gr-Noetherian then by A.8 we would get the same cohomology as the un-
graded one.
Proposition A.15. If
¨ ¨ ¨
f3 // M2
f2 // M1
f1 // M0
is a sequence of graded maps where each fi may be of a nonzero degree, then this
sequence is equivalent to one where the maps are all graded of zero degree.
Proof. This follows from the fact that the suspension A.2 is a functor and that
the suspension of a gr-projective module is still gr-projective. We also use that
HomRpM,Nqi “ HomR´grpM,Npiqq “ HomR´grpMp´nq, Nq. 
Remark A.16. The above observations tell us that given a graded algebra A, we
can assume our category to be the one of graded A modules, where the morphisms
are graded maps of various degrees. Then when computing the cohomology, the
gr-projective resolution can consist of maps of degree zero and to the resolution we
apply the functor HomAp ,kq.
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Proposition A.17. Let A be a graded algebra then H˚,˚pA,kq “ Ext˚,˚A pk,kq is
a bigraded k-module.
Proof. Let
¨ ¨ ¨
d2 // P1
d1 // P0
d0 // k // 0
be a graded projective resolution of k as an A-gr-module. By A.15 we can assume
that the maps di are graded of degree zero. Let f “
ř
s fs P HomApPn,kq, where
fs P HomApPn,kqs, that is fs : Pn Ñ k is a map of degree s. We want to show
that if f P kerpδnq then each fs is in the kernel as well. Hence kerpδnq is generated
by homogeneous elements of HomApPn,kq.
For p P Pn`1, δnpfqppq “ fpdn`1ppqq “
ř
s fspdn`1ppqq, and each fs ˝dn`1 is a map
of degree s. Now f P kerpδnq implies that δnpfqppq “ 0 for all p P Pn`1.
On a homogeneous element p of Pn`1,
δnpfsqppq “
"
λs if |p| “ ´s
0 otherwise
Hence
δnpfqppq “
ÿ
s
δnpfsqppq “
"
λs if |p| “ ´s
0 otherwise
This gives that if f P kerpδnq then λs “ 0, thus δnpfsqppq “ 0 for each homogeneous
elements; therefore fs P kerpδnq as well.
We want to show that impδnq is also generated by homogeneous elements of HomApPn`1,kq.
In this case f “
ř
fs P HomApPn,kq and δnpfqppq “
ř
δnpfsq and clearly each
δnpfsq is homogeneous of degree s. Therefore we have Ext
n
Apk,kq “
À
s Ext
n,s
A pk,kq.
That is, a ζ P HnpA,kq corresponds to a map pζ : Pn Ñ k of degree s. 
Similarly we can define the graded cohomology of A with coefficients in M by
H˚,˚pA,Mq where M is a graded A-module.
We now give other characterizations for H˚,˚pA,kq.
Definition A.18. Given two graded modules M , N a graded n-extension of M to
N is an exact sequence of graded maps of various degrees of the form
0 // N // Mn´1 // ¨ ¨ ¨ // M0 //M // 0
Definition A.19. Two graded n-extensions are equivalent if there exist graded
maps, of possibly nonzero degree, h0, . . . , hn´1 such that the diagram commutes.
0 // N
gn //
“

Mn´1
hn´1

gn´1 // ¨ ¨ ¨ //

M0
g0 //
h0

M //
“

0
0 // N
g1n // M 1n´1
g1n´1 // ¨ ¨ ¨ // M 10
g1
0 //M // 0
Two equivalent extension will have as a consequence that
ř
|gi| “
ř
|g1i|. Using
that it can be shown that two equivalent extensions correspond to the same element
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in Extn,spM,Nq, where s “ ´
ř
|gi|. We complete this to an equivalence relation
by symmetry and transitivity in the usual way.
Proposition A.20. An equivalence class of graded n-extension of M to N of the
form
0 // N
gn // Mn´1
gn´1 // ¨ ¨ ¨
g1 // M0
g0 //M // 0
corresponds to an element in Extn,spM,Nq where s “ ´
řn
i“0 |gi|.
Proof. We use the fact that the gr-projective resolution is in fact a projective res-
olution and we can get maps from the resolution to the extension via the usual
discussion of extensions and projective resolutions in the ungraded case.
¨ ¨ ¨ // Pn
dn //
fn

Pn´1
dn´1 //
fn´1

¨ ¨ ¨ // P0
d0 //
f0

M //
“

0
0 // N
gn // Mn´1
gn´1 // ¨ ¨ ¨
g1 // M0
g0 //M // 0
It can be checked that these maps can be assumed to be graded and the last map
fn will then have degree s “ ´
řn
i“0 |gi| and will correspond to an element in
Extn,spM,Nq. 
We relate an element in ζ P Extn,spM,Nq with a map pζ P ΩnpMq Ñ N . Here we
will be working on the stable category.
Proposition A.21. Let ζ P Extn,spM,Nq, then there is a map of degree s, pζ :
ΩnpMq Ñ N corresponding to ζ, if two such maps exist they correspond to equiva-
lent extensions. Where ΩnpMq is well-defined up to projective summands.
Proof. Recall that given a projective resolution of M ,
¨ ¨ ¨ // Pn
dn // Pn´1
dn´1 // ¨ ¨ ¨ // P0
d0 // M // 0,
ΩnpMq “ kerpdn´1q “ impdnq Ă Pn´1. An element ζ P Ext
n,spM,Nq corresponds
to an extension, where the following diagram commutes.
¨ ¨ ¨ // Pn
dn //
ζ

Pn´1
dn´1 //
fn´1

¨ ¨ ¨ // P0
d0 //
f0

M //
“

0
0 // N
gn // Mn´1
gn´1 // ¨ ¨ ¨
g1 // M0
g0 //M // 0
Let idp´|gn|q : Np|gn|q Ñ N the map of degree ´|gn| that suspends back Np|gn|q to
N , that is idp´|gn|qpNp|gn|q “ N . We can then define pζ “ idp´|gn|q ˝ fn´1|ΩnpMq.
Since |fn´1| “ ´
řn´1
i“0 |gi|, then |
pζ| “ ´|gn| ´ řn´1i“0 |gi| “ ´řni“0 |gi| “ s as
desired. The last statement of the proposition can be proven as in the ungraded
case. 
There are several ways of describing the ring structure on H˚,˚pA,kq. One way is
doing the Yoneda splice of an extension. We use the Yoneda splice to prove A.23.
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Definition A.22. Let A be a graded algebra and let M,M 1 and M2 be graded A-
modules. Let ζ P Extn,spM,M 1q and η P Extm,rpM 1,M2q, then ζ and η correspond
to the following extensions:
ζ : 0 // M 1
gn // Mn´1
gn´1 // ¨ ¨ ¨
g1 //M0
g0 // M // 0
η : 0 // M2
g1m // M 1m´1
g1m´1 // ¨ ¨ ¨
g1
1 //M 10
g0 // M 1 // 0.
Then s “ ´
ř
|gi| and r “ ´
ř
|g1i|. The Yoneda splice is defined as the sequence
given by
M 1
M 10 Mn´1¨ ¨ ¨M
1
m´1M20 ¨ ¨ ¨ M0 M 0
0 0
g1m g
1
m´1 g
1
1
g10 gn
gn´1 g1 g0
Then the Yoneda splice gives an element η ˝ ζ P Extn`m,s`rpM,M2q.
Note that the Yoneda splice makes Ext˚,˚pM,Mq into a ring, hence we get the
following result.
Theorem A.23. Let A be a graded algebra then H˚,˚pA,kq “ Ext˚,˚A pk,kq is a
bigraded ring with Hn,spA,kq “ Extn,sA pk,kq, where n is the cohomological degree
and s is the internal degree.
Let A be a gr-Hopf algebra and C and D be graded A-modules. Then pC bDq is
a graded A-module as well, where pC bDqn “
À
i`j“n Ci bDj . The action of A
on C b D is defined the following way: for a P A, write ∆paq “
ř
a1 b a2, then
a ¨ px b yq “ ∆paqpx b yq “
ř
p´1q|a2||x|a1xb a2y.
Lemma A.24. Let A be a cocommutative gr-Hopf algebra and C and D be graded
A-modules. Let T : C bD Ñ D b C be the map given by x b y ÞÑ p´1q|x||y|y b x
for x and y homogeneous elements. Then T is a graded A-module morphism.
Proof. Recall that A is cocommutative if for any homogeneous element a, ∆paq “ř
a1 b a2 “
ř
p´1q|a1||a2|a2 b a1. We just need to write out and check the sign
conventions on homogeneous elements.
T pa ¨ pxb yqq “ T p
ÿ
p´1q|a2||x|a1xb a2yq
“
ÿ
p´1q|a2||x|`|a1x||a2y|a2y b a1x
“
´ÿ
p´1q|a1||a2|a1 b a2
¯
p´1q|x||y|y b x
“ ∆paqT pxb yq
“ a ¨ T pxb yq
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
Definition A.25. Let C and D be complexes of graded A-modules. The tensor
product of complexes C b D is defined as, pC b Dqn “
À
i`j Ci b Dj , where
δCbDpxb yq “ δCpxq b y ` p´1qtotpxqxb δDpyq. A homogeneous element xb y P
pC bDqn corresponds to x P C
i
l , y P D
j
k where i ` j “ n and C
i
l and D
j
k are the
degree l and k part of Ci and Dj respectively. Then totpxq “ i ` l is the total
degree of x.
Proposition A.26. Let A be a cocommutative gr-Hopf algebra, then the ten-
sor product of graded A-complexes is gr-commutative, in the sense that given C
and D graded A-complexes, the map T : C b D Ñ D b C, given by x b y ÞÑ
p´1qtotpxqtotpyqy b x is an isomorphism of graded complexes.
Proof. By A.24 T is a map of graded A-modules. We are left to show that it is an
isomorphism of graded A-complexes. We follow the diagram
¨ ¨ ¨ // pC bDqn`1
δCbD
n`1 //
T

pC bDqn
δCbDn //
T

pC bDqn´1
δCbD
n´1 //
T

¨ ¨ ¨
¨ ¨ ¨ // pD b Cqn`1
δDbC
n`1 // pD b Cqn
δDbCn // pD b Cqn´1
δDbC
n´1 // ¨ ¨ ¨ .
Note that
T ˝δCbDpxbyq “ p´1qptotpxq´1qtotpyqybδCpxq`p´1qtotpxq`totpxqptotpyq´1qδDpyqbx,
and
δDbC ˝ T pxb yq “ p´1qtotpyqtotpxqpδDpyq b x` p´1qtotpyqy b δCpxqq.
are equal since the signs have the same parity. 
Theorem A.27. Let A be a cocommutative gr-Hopf algebra, then H˚,˚pA,kq is a
gr-commutative ring with respect the total degree.
Proof. Let
¨ ¨ ¨ // P1 // P0 // k // 0
be a graded projective resolution of k as an A-gr-module and let C be the complex
0 // HomApP0,kq
δ0 // HomApP1,kq
δ1 // HomApP2,kq
δ2 // ¨ ¨ ¨ .
Then C b C still corresponds to Hom applied to a gr-projective resolution of k.
Moreover, if x P Csn “ HompPn,kqs and y P C
r
m “ HompPm,kqr then x b y P
HompPn b Pm,kqs`r Ă pC b Cq
s`r
n`m, Hence the tensor product of the complex C
makes H˚,˚pA,kq into a ring. In fact this product on Ext is called the cup product
and in the case of H˚,˚pA,kq it coincides with the Yoneda splice (for more details
refer to [Ben98, 3.2]). We can check that δCbCpxb yq “ δCpxq b y` p´1qtotpxqxb
δCpyq passes down to a well defined product on H˚,˚pA,kq.
Let T : C bC Ñ C bC as in A.25, then by A.26 T is an isomorphism of graded
A-complexes. Hence H˚,˚pA,kq is a gr-commutative ring with respect the total
degree as desired. 
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Remark A.28. Graded comodules over a gr-commutative Hopf algebra of finite
type B correspond to gr-modules over its dual B# which is a gr-cocommutative
Hopf algebra.
Hence, when working in the category of graded B-comodules, Ext˚,˚B pk,kq is gr-
commutative by A.27.
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